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The Maximum Genus of Graph Bundles 
BOJAN MOHAR,* TOMAZ PISANSKI* AND MARTIN SKOVIERA 
The upper embeddability of Cartesian and strong graph bundles with non-trivial base and 
fibre is proved. A similar result is obtained for both versions of lexicographic bundles. As 
a corollary the upper embeddability of Cartesian, strong and lexicographic products is obtained. 
The results cannot be generalized to the Cartesian and strong bundles with discrete fibres, 
i.e., to covering graphs. In this case sharp upper and lower bounds for Betti defficiency are 
obtained. 
INTRODUCTION 
The maximum genus of a connected graph G is the largest genus of orientable surfaces 
in which G has a cellular embedding. If the embeddings into surfaces of the maximum genus 
have only one or two 2-cells then G is upper embeddable. For upper embeddable graphs, the 
computation of the maximum genus is a routine matter. 
Graph bundles are a generalization both ofa product and of a covering graph. Not much 
is known about the relationship between maximum genera of the base and of a covering 
graph. However, the question of upper embeddability of products of graphs has already 
been examined. In [12] Zaks proved certain inequalities involving the maximum genus of 
Cartesian products and found such graphs to be upper embeddable in several special cases. 
He was probably not aware of the paper by Ostroverhii and Kuzmenko [6] where upper 
embeddability of the Cartesian, strong, and the lexicographic product of any two connected 
non-trivial graphs was established. However, the paper [6] is in Ukrainian, the proofs 
involve the so called cp-transformations, and are incomprehensible to anyone who is not 
acquainted with this technique. 
The present paper addresses a more general problem of the maximum genus of graph 
bundles. The results of [6] are then obtained as corollaries to our theorems. Our main result 
states that any connected (Cartesian) F-bundle over a base B is upper embeddable provided 
that both, the base graph B and the fibre F, are non-trivial graphs. In general, this result 
does not extend to bundles with a trivial, i.e., totally disconnected fibre (which are just 
covering graphs). In the case of a trivial fibre we obtain inequalities for the Betti defficiency 
~(B) of a connected covering graph lJ over the base Bin terms of the Betti defficiency ~(B). 
The final part of this paper is devoted to the study of non-Cartesian bundles which are also 
shown to be upper embeddable under similar assumptions. 
2. PRELIMINARIES 
Graphs are understood here as finite !-dimensional cell complexes. Thus, we allow both 
loops and multiple edges. However, most of our graphs will have no loops. A graph without 
edges is called trivial. The numbers I V(G)I and IE(G)I are known respectively as the order and 
the size of the graph. If G is connected then the number {3(G) = IE(G)I - I V(G)I + 1 is 
equal to the number of independent cycles in G and it is referred to as the Betti number of G. 
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Every edge of a graph G gives rise to a pair of oppositely directed arcs. We denote the 
set of arcs of G by D(G). Bye-' we denote the reverse arc to an arc e. Each arc e has an 
initial vertex i, and a terminal vertex t,. 
We will be dealing here with triples of the form (X, p, B) where X and Bare graphs 
and p is a cell preserving projection of X onto B. Instead of the triple (X, p, B) we 
shall usually write just p: X --.. B. The graph B is called the base and X is the total graph 
of the triple (X, p, B). In this paper we shall always assume that both B and X are 
connected. 
Usually only dimension preserving cell maps between graphs are considered. Here we 
allow p to be degenerate. In other words, p maps vertices to vertices but an image of an edge 
can be either an edge or a vertex. Edges of X fall naturally into two classes. We say that 
an edge e is degenerate if p(e) is a vertex, and non-degenerate otherwise. The projection 
p thus induces a factorization X = B EB R of X, called the fundamental factorization, 
where B contains all non-degenerate edges and R contains degenerate ones. So, the 
restriction piE = jJ is a graph map, i.e., dimension preserving graph map. For each vertex 
bE V(B) we define a fibre of b to be the graph Rb = p- 1(b). Obviously, R = ubEV(B) Rb. 
Let F be a graph. A triple p: X --.. B will be called a (Cartesian) graph bundle with fibre 
F (or, briefly, an F-bundle) if the following three conditions are satisfied: 
(a) Each fibre Rb is isomorphic to F. 
(b) [J: B--.. B is a IV(F)I-fold covering projection; this implies that for an arbitrary arc 
e E D(B) the set[J-'(e) of the lifted arcs (with an obvious orientation) induces a bijection 
cp,: V(R;J --.. V(R,J. 
(c) Each mapping cp, determines a graph isomorphism cp,: R;, --.. R,,. 
For a detailed description of graph bundles the reader is referred to articles [7, 8] by 
Pisanski, Vrabec and Shawe-Taylor. 
There are two important cases of the above definition. The first one is when the fibre is 
trivial, i.e., discrete. Then X = B and p is a covering projection. The second special case 
is when the isomorphisms cp, are, in fact, the identity automorphisms ofF for each arc e 
of B. More precisely, for each vertex b E V(B), it is possible to choose an isomorphism 
1/Jb: F--.. Rb such that for each edge e, 1/J,-'cp,l/J;: F--.. Fis the identity. In this case, the 
bundle is just the Cartesian product of the graphs B and F. Such a bundle is said to be 
trivial. 
To get an example of a nontrivial bundle, take any n-fold nontrivial covering graph B 
over B (note that such coverings always exist if B is not a forest). Finally, join any two 
vertices of B which project to the same vertex of B. The obtained graph together with the 
obvious projection to B is a Kn-bundle. 
To construct an F-bundle over an arbitrary (connected) graph B one can proceed as 
follows. Take a permutation voltage assignment cp on B with values in the (vertex) auto­
morphism group Aut F of the graph F, i.e., a mapping cp: D(B) --.. Aut F with the 
property that cp(e- 1) = cp(e)-' for each e E D(B) (see, for instance, [2]). Then construct the 
permutation derived graph B'~' = B in the usual way: V(B) = V(B) x V(F); for each arc 
e E D(B) and each vertex v E V(F) let there be an arc (e, v) in D(B) with i(e, v) = (i_, v) 
and t(e, v) = (t_, vcp(e)). The natural projection [J: B --.. B is a covering map. Define a 
graph X so that V(X) = V(B) and X = B EB R where R = V(B) x F. We denote the 
resulting graph X by B x '~' F. The notation is inspired by the fact that B x '~' F can be 
regarded as a 'skew' Cartesian product. It means that for each edge e of B the subgraph of 
X = B X 'I' F induced by end-points of edges in r I (e) is isomorphic toe X F ~ K2 X F. 
The conditions (a)-(c) are clearly satisfied. Thus X is an F-bundle over B. Conversely, 
every F-bundle over B admits such a description. More precisely, if (x, p, B) is an 
arbitrary F-bundle then B admits a permutation voltage assignment cp such that there is an 
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isomorphism i: X --+ B F, and p pi. Note a close relationship between the permutation x <P = 
voltage qJ(e) and the isomorphism qJe in the condition (c). 
To get more insight into the structure of B Fwe can slightly modify our construction. x <P 
Every covering graph lJ over B can be described by a permutation voltage assignment t/J 
such that the arcs of an arbitrary fixed spanning tree T of B are assigned identity voltages 
(cf. [2]). Therefore each F-bundle over B can be obtained by taking first an arbitrary 
spanning tree T of Band assigning suitable permutation voltages t/J(e) E Aut Fto arcs e not 
in T, whereas all arcs of T are assigned identity voltages. 
It means in particular that the edges which project to the spanning tree Tform a subgraph 
of X isomorphic to the product T x F. 
When considering regular coverings in particular, another device is often used besides the 
permutation voltage construction. (Recall that a covering is regular if the group of covering 
automorphisms acts transitively on the fibres.) The description used for regular covers is 
known as ordinary voltage assignment (see, for instance, [10]). Let B be a connected graph. 
An ordinary voltage assignment qJ on B with values in a group G is a mapping qJ: D(B) --+ G 
satisfying the condition qJ(e- 1) = qJ(e)- 1 on each arc e E D(B). The ordinary derived graph 
B<P has the vertex set V(B) x G and the edge set E(B) x G. An arc (e, g) has i(e, g) = 
(i" g) and t(e, g) = (t" g · qJ(e)). The natural projection p: B<P --+ B, (x, g) --+ xis a regular 
covering. It is important that every regular covering of B can be obtained by an ordinary 
voltage assignment which assigns unit elements to arcs of an arbitrary fixed spanning tree 
of B. 
The maximum genus YM(K) of a connected graph K is the largest genus of an 
orientable surface S in which K has a 2-cell embedding. Euler's formula IV(K)I ­
IE(K)I + r = 2 - 2y(S) for an embedding of K into S with r 2-cells implies that 
2gM(K) = 2y(S) :::; {J(K) and hence YM(K) :::; [{J(K)/2]. Graphs which attain this bound 
are called upper embeddable. 
There is a well known combinatorial characterization of upper embeddable graphs due 
to Jungerman [3] and Xuong [11]. A graph K is upper embeddable if and only if it admits 
a spanning tree T such that its cotree K - E(T) has at most one component of odd size. 
Such a spanning tree is called a splitting tree of K. 
To compute the maximum genus it is sufficient to determine the difference ~(K) = 
{J(K) - 2yM(K), which is called the Betti defficiency of K. Note that ~(K) ={J(K) 
(mod 2). Obviously, K is upper embeddable if and only if~ (K) :::; 1. To determine the Betti 
defficiency of a graph one can use a method due to Xuong [11]. Let T be a spanning tree 
of K and let xT(K) be the number of components of an odd size in the cotree K - E(T). 
Then ~(K) = min xT(K), where the minimum is taken over all spanning trees of K. Note 
that there is a method due to Nebesky, dual to the one described above, for computing 
~(K); see [5]. 
We shall use various graph products. For all of them, the vertex set of the product of G 
and His equal to V(G) x V(H). The cartesian product G x H has edge set 
E(G X H) = (E(G) X V(H)) u (V(G) X E(H)) 
where the edge (e, u) joins vertices (v, u) and (v', u) if e = vv', and similarly for the edges 
of V(G) x E(H). The lexicographic product G[H], also known as the composition of 
graphs, consists of a copy of the graph H for each vertex of G, and for each edge of G there 
is the complete bipartite graph between the two copies of H corresponding to the end 
vertices of the edge. The strong product G *His obtained from the cartesian product G x H 
if for each E = vv' E E(G) and for each f = uu' E E(H) we add two edges connecting 
(v, u) with (v', u') and (v, u') with (v', u), respectively. The added edges are called tensor 
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edges since they are precisely the edges of the tensor product G ® H of G and H. So, 
G *H = (G X H) (f) (G ® H). 
3. CARTESIAN BUNDLES 
In this section we prove our main results on upper embeddability of loopless Cartesian 
bundles. When investigating upper embeddability ofa class of (connected) graphs it is often 
necessary to avoid loops. The aim is to exclude one-vertex components ofan odd size which 
might occur in a cotree. 
Recall that both Band X are always assumed to be connected. Here is our main theorem. 
THEOREM 3.1. Let X = B x"' F be the total graph of an F-bundle over B. Suppose that 
both Band Fare non-trivialloopless graphs and that X is connected. Then X admits a spanning 
tree T such that X - E(T) has at most one nontrivial component. Consequently, X is upper 
embeddable. Moreover, if neither B nor F is a forest then X - E(T) is connected. 
LEMMA 3.2. Let (X, p, B) be an F-bundle with a connected total graph X and non-trivial 
fibre F. Then F has the form F = kF' where F' is non-trivial and connected, and there exists 
a k-fold covering q: ii-+ B such that X is the total graph of an F'-bundle (X, p, ii) and the 
following diagram commutes: 
PRooF. Let X = B x"' F. Define V(ii) to be the set of connected components of fibres 
in X. To make the proof clear we use corresponding capital and small letters to denote the 
components of fibres understood as subgraphs of X and as vertices of ii, respectively. Let 
c E V(ii) and v E V(B). We define q(c) = v if p(C) = v. Let e be an edge of B. In ii there 
is an edge over e between c and dE V(ii) if there is an edge over e between C and D in X. 
This defines also the mapping q on the edges. Note that ii is connected if and only if X is 
connected, and two adjacent vertices of ii are isomorphic subgraphs of X. Since X is 
connected, components of a fibre in X are all isomorphic to some graph, say F'. Hence 
F ~ kF'. It is easy to see that q is a covering projection of ii onto B since we may view the 
voltages ({J as acting on the components of F. 
We must show that X is an F'-bundle over ii which makes the above diagram commute. 
Take an arbitrary edge eof ii with endpoints c and d. By the definition of ii, eprojects onto 
an edge e = uv such that q(c) = u and q(d) = v. The preimagesp- 1(u) andp- 1(v) are 
subgraphs ofX both isomorphic to F,r 1(u) containing C andp- 1(v) containing D. Clearly, 
the restriction of the isomorphism ({J(e) to C maps C isomorphically to D, defining a set A 
of the edges between C and Din X. Define p: X -+ ii as follows: For every vertex wE V(X) 
let p(w) = c if the vertex w is contained in the component C of the fibre of p(w). The 
mapping p is defined on edges in the obvious way. Since p- 1(e) = CuD u A ~ 
F' x K 2 , the triple (X, p, ii) is an F'-bundle and the diagram clearly commutes. 
PROOF OF THEOREM 3.1. By Lemma 3.2 we can restrict our considerations to bundles 
with connected fibres. Throughout the proof the projection X-+ B will be denoted by p. 
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First, choose a spanning tree P in B and a spanning tree R in F. There is a permutation 
voltage assignment 1/J on B with values in Aut F such that X = B x >/1 F and 1/J is trivial on 
P. Hence, the subgraph P x >/1 R of X is identical with the Cartesian product P x R. Now 
pick up an edge e = uv in P and an edgef = jk in R according to the following rule. If 
the corresponding graph B or F is a tree then the chosen edge is a pendant edge, otherwise 
it is an edge which lies on a cycle. We may assume that the vertex u (resp. }) is a vertex of 
degree 1 whenever e (resp. f) is a pendant edge. 
We construct a spanning treeS of X which is a subgraph of P x >/1 R = P x R proceeding 
as follows. First we take a copy u x R of R in X and the copies P x w for each vertex w 
ofF, w -:/= k. Then we add to it all the edges of X of the form x x f, where x is a vertex 
of B. Thus S = u x R u ( Uw# P x w) u ( Ux x x f). Obviously, the obtained subgraph 
is a spanning tree of X contained in P x R. In Figure 1 the choice of S is represented for 
p6 x Ps. 
FIGURE 1. 
Let us inspect the connected components of X - E(S). It is easily seen that they are of 
two kinds. A component C of X- E(S) will be called small if X - E(S) is disconnected 
and the projection p(C) is contained in a component of B - E(P). Otherwise it will be 
called large. The construction of S yields that there is a single large component and possibly 
several small components. 
Clearly, if both B and F are trees then X = B x F is a trivial bundle and small 
components reduce to isolated vertices. Therefore X - E(S) has only one non-trivial 
component in this case. 
If, on the other hand, both Band Fare non-trees, it is easy to check that there are no 
small components at all. Again, S is the required spanning tree of X. 
Non-trivial small components can appear only when exactly one of the graphs Band F 
is a tree. Let us first examine the case when B is a tree. Now, X = B x F and each 
non-trivial small component C lies entirely in the subgraph u x F [thus p(C) consists of a 
single vertex]. Let u x m, m E E(F) be an edge of C. Denote by e = ec one of the two 
edges which will project by p onto e and are incident with u x mas well as v x m. Form 
a new spanning tree by putting S' = (S + v x m) - e. A short reflection will convince 
the reader that the number of non-trivial small components has decreased by one. Clearly, 
if C and Dare two disjoint non-trivial small components of X - E(S) then ec and en are 
independent edges. Therefore the above process can be repeated as many times as necessary 
to obtain a splitting tree whose cotree has only trivial small components. 
Finally, consider the case when F is a tree and B is not. It is clear that now every 
non-trivial small component C of X - E(S) is projected by p onto a component 
of B - E(P). Let y be an arbitrary edge of C. The way S was constructed implies that at 
least one of the vertices incident withy belongs toP x }. Let us denote it by (z, }). Since 
pI B'P = p: B'P --+ B is a covering, there is an edge y such that fj( y) = p( y) and y is 
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incident to the vertex (z, k). Obviously, y belongs to the large component. Moreover, it is 
readily verified that y cannot be a bridge of the large component connecting two non-trivial 
parts of it. SetS" = (S - z x f) + y'. The subgraph S" is easily seen to be a spanning 
tree of X. However, replacing S by S" has decreased the number of non-trivial small 
components by one. A similar argument to the one above shows that this process can be 
repeated if necessary, yielding finally a required spanning tree of X. This completes the proof. 
An obvious corollary of the above theorem is the following result of Ostroverhii and 
Kuzmenko [6]. 
COROLLARY 3.3. The Cartesian product ofany two connected loopless non-trivial graphs 
Band F is upper embeddable. 
4. COVERINGS 
In the previous section we dealt with the case when the fibre Fis non-trivial. A completely 
different situation arises when F is trivial. Such bundles are better known as coverings. 
Unfortunately, Theorem 3.1 does not extend to this case. It follows from our next theorem 
and from subsequent examples that a covering graph over an upper embeddable graph B 
need not be upper embeddable even when ~(B) = 0, B has no loops, and the covering is 
regular. 
THEOREM 4.1. Let B be a connected n-fold covering graph over B. Then 8 ~ ~(B) ~ 
n(~(B) + 1) - I, where 8 = 0 ifn(f3(B) - 1) + I = f3(B) is even, and 8 = 1 otherwise. 
Both bounds are sharp. 
REMARK. Since ~(B) =f3(B) (mod 2), we have n(~(B) + I) - 1 =n(f3(B) + 1) - 1 
f3(B) (mod 2). 
PRooF. Lower bound is trivial. 
Upper bound: LetT be a spanning tree of B with ~(B) odd components in B - E(T). 
Realise the covering by a permutation voltage assignment ljJ with trivial voltages on T. Then 
the preimage p- 1(T) is a forest whose components are copies ofT. Since every component 
os H = B - E(p- 1(T)) projects onto a component of B - E(T), the graph H has at 
most n~(B) components of odd size. However, we must add n - I new edges connecting 
different copies of Tin p-' (T) to form a spanning tree of B. Let A be an arbitrary such 
set. Then S = A u p _, (T) is a spanning tree of B. Deleting n - I edges from H can 
increase the number ofcomponents with odd size by at most n - 1. Consequently, the total 
number of components of an odd size in B - E(S) does not exceed the number 
n~(B) + n - 1 = n(~(B) + 1) - 1. 
The sharpness of the bounds in Theorem 4.1 will be shown below in Proposition 4.3 and 
Example 4.5. 
In [1] truncated cubic graphs (called A-graphs there) are employed by Bouchet to provide 
an example of an infinite class of 3-edge-connected graphs which are not upper embeddable. 
We extend this idea to show that the upper bound of Theorem 4.1 is sharp. 
Let K be a cubic graph. The truncation of the graph K is a cubic graph T(K) obtained 
from K by blowing up every vertex of K to a triangle. Clearly, K is 3-edge-connected if and 
only if T(K) is 3-edge-connected. 
PRoPOSITION 4.3. Let K be a 3-edge-connected cubic graph. Then for every n ?!: 1 there 
is ann-fold regular covering graph H ofT(K) whose Betti defficiency is n(~(T(K)) + I) - 1. 
Moreover, for n ?!: 3 the graph H can be taken 3-edge connected. 
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In the proof of this proposition we need the following lemma. 
LEMMA 4.4. Let n ~ 3 be an integer. Every 3-edge-connected cubic graph K possesses an 
n-fold regular covering graph K which is also 3-edge connected. 
PRooF. By Corollary 1 in [9] any 2-connected graph such that all vertices have degree 
at least three contains an induced cycle with the property that the deletion of its vertices 
does not disconnect the graph. Observe that a 3-edge-connected cubic graph is also 
2-connected. Consequently, there is a cycle C in K such that the graph K - E(C) is 
connected. Choose a cyclic orientation of C. Assign voltages 1 E 7Ln to arcs on C whose 
orientation agrees with that of C and voltages 0 to arcs not in C. Let K be the derived graph 
and p: K ~ K the covering projection. We claim that the graph K is 3-edge connected. To 
prove this it suffices to show that no two edges can disconnect this graph. 
For every i E 7L" the graph Hi = (K - E(C)) x i is a subgraph of K and will be called 
the ith level of K. Note that each 'adjacent' pair Hi and Hi+I (i E 7L") of levels is joined by 
at least two edges. 
Let e,fbe any two edges of K and let K' = K - e - f If we show that K is connected, 
we are done. We distinguish several cases according to whether e andflie in, or between, 
levels. 
Suppose first that both e andflie in some (not necessarily the same) level, say, in Hi and 
~,respectively. In Hi - e - f and Hj - e - f each vertex vis connected to some vertex 
which is projected into C and lies in the same level as v. To see this take the shortest path 
in K - p(e) - p(f) which joins the vertex p(v) to a vertex on C and lift it to the 
appropriate level Hi or Hj. Such a path always exists since K is 3-edge connected. As n ~ 3, 
at least one level H, of K contains neither e nor f, i.e., H, - e - f ~ K - E(C) is 
connected. Note that the covering is cyclic. Hence, there are edges in K' which connect the 
vertices projected into C in both Hi - e - g and Hj - e - f to a level not containing e 
and f, thus making the graph K' connected. 
The proof of the remaining cases uses similar (and even simpler) ideas to those above and 
is, therefore, left to the reader. 
PRooF OF PROPOSITION 4.3. Let K be a graph satisfying the assumptions of Proposition 
4.3. Let cp be an ordinary voltage assignment on K which produces an n-fold regular 
covering graph K guaranteed by Lemma 4.4 for n ~ 3. If n :::;; 2, let cp be such that K'P is 
connected. Define a voltage assignment ljJ on T(K) in the same group as cp in such a way 
that corresponding edges of T(K) and of K have the same voltages and all other edges of 
T(K) have zero voltages. Clearly, T(K'P) = T(K).P (this shows that truncation is a natural 
transformation in the category of cubic graphs and coverings). Moreover, if K is 3-edge 
connected so is T(K) = T(K).P. 
We compute the Betti defficiency of T(K). By Bouchet's Theorem 4 [I] the number of 
faces of every maximum embedding of a truncated cubic graph T(K) is I V(T(K))I/6 = 
IV(K)I/2. Thus, the Betti defficiency ~(T(K)) is IV(K)I/2 - I from Euler's formula. Then 
~(T(K)) = I V(K)I/2 - I = n. IV(K)I/2 - I = n(~(T(K)) + 1) - 1. Hence H = T(K) 
is the required graph. 
The following example shows the sharpness of the lower bound of Theorem 4.1. 
EXAMPLE 4.5. Let K be a 4-edge-connected Eulerian graph with an even Betti number. 
In [4] Kundu proved that K admits a spanning tree Twith a connected cotree. Clearly, there 
is at least one edge e inK - E(T), with end-points u and v, such that K - e - E(T) is 
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also connected. Let L be the graph obtained by taking m ;::::, 1 copies Hi, i E 7Lm, of the graph 
K - e, and connecting the copy of the vertex u in Hi to the copy of the vertex v in Hi+I 
by a new edge ei, i E 7Lm. Denote by Tithe copy ofT in Hi. Now, form a spanning treeS 
of L by adding edge ei, i = 0, 1, ... , m - 2, to u {~; i E 7Lm}· It follows that 
~(L) ~ xs(L) = m - 1 (recall that x 8 (L) is the number of components of the graph 
L - E(S), which have an odd size). On the other hand ~(HJ = 1 and the Betti defficiency 
is additive over bridges, thus ~(L - em_ 1) = m. However, adding or deleting one edge 
does not change the Betti defficiency by more than 1, whence ~(L) ;::::, ~(L - em-I) - 1 = 
m - 1 and, consequently, ~(L) = m - 1. 
By the above mentioned Corollary 1 of Thomassen and Toft [9], the graph Hi contains 
a cycle Di whose removal does not disconnect the graph Hi. Choose a cyclic orientation of 
each cycle Di and define a voltage assignment cp on L with values in 7Ln which assigns voltage 
1 to each arc whose orientation agrees with that of some Di and assign voltage 0 to arcs 
which do not lie in any Di. The derived graph L <P is 4-edge-connected whenever n ;::::, 2, this 
time. Sine'<: U is Eulerian and the edge-connectivity of an Eulerian graph is always an even 
number, it suffices to show that U is 3-edge-connected. This can be done by employing the 
fact that the graph U - u {Di; i E 7Lm} is Eulerian and thus bridgeless, and using similar 
considerations as in the proof of Lemma 4.4. The details are, therefore, omitted. 
The covering graph Lover Lis consequently upper embeddable, although L has Betti 
defficiency equal to m - 1. 
5. NoN-CARTESIAN BUNDLES 
The notion of graph bundle introduced in Section 2 was based on the Cartesian product 
of graphs. We observed that such bundles are, in fact, a kind of skew Cartesian product, 
where skewing is determined by an appropriate permutation voltage assignment. However, 
there are many different kinds of graph products and each of them gives rise to its skew 
version, i.e., to another type of graph bundle (at least for graphs without loops). 
Let & be a graph product. An &-bundle over a graph B with fibre F is a triple 
( = (X, p, B) such that for each e = uv E E(B) the subgraph of X consisting of all vertices 
and edges of p- 1(u), p- 1(v) and p- 1(e), or, briefly, the restriction (ie, is isomorphic to 
e & F ~ K2 & Fin such a way that the natural projection q: e & F --+ e is consistent with 
the projection p. (Note that this definition, consistent with [8], displays the property of 
bundles to be 'locally a product', and that there is another, more natural definition oflocal 
products; roughly speaking, the preimage of a star of a vertex should be isomorphic to the 
product of this star with F.) 
In this section we shall investigate upper embeddability of only two kinds of bundles, 
namely, of strong and lexicographic bundles. These correspond to the most common 
products besides the Cartesian product and, therefore, deserve some attention here. 
Let ( = (X, p, B) be a strong F-bundle and let e be a.n edge of B with end-points u and 
v. By the above definition, the restriction (I e is isomorphic to e *F ~ K2 *F, the strong 
product of K2 and F. Since the strong product of any two graphs is a union of their 
Cartesian product and of their tensor product, there are three types of edges in e *F (and 
thus in X): (i) fibre edges-the edges which belong to the fibres of u and v, (ii) horizontal 
edges-the edges which correspond to those parallel with e in e x F (which is a subgraph 
of e *F), (iii) tensor edges-which correspond to the tensor part of the product e *F. 
It is easy to see that a strong bundle can also be obtained using a permutation voltage 
assignment cp on B with values in Aut F. We just construct the covering graph B<P and add 
to it all fibre edges as in the case of Cartesian bundles, and conclude the construction by 
adding the appropriate tensor edges. Moreover, every strong bundle admits such a 
description. 
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The following theorem is a generalization of a result of Ostroverhii and Kuzmenko 
[6]. 
THEOREM 5.1. An arbitrary connected strong bundle X = B *"' F with non-trivial B and 
F admits a spanning tree with a connected cotree. Consequently, X is upper embeddable. 
PROOF. It suffices to prove that X admits a partition in two connected edge-disjoint 
spanning subgraphs. Choose a spanning tree T of B. Then take a 2-coloring of T obtaining 
a partition V(B) = Vy u Vz of vertices of B. Now construct Y and Z as follows. Let Y 
contain all horizontal edges plus fibre edges above Vy. Clearly, Z then contains all tensor 
edges and all fibre edges above Vz. It is now a routine matter to prove that both Y and Z 
are connected, by showing that every path on X can be replaced by a walk with the same 
endpoints lying entirely in Y or Z. 
CoROLLARY 5.2 The strong product of any two connected non-trivial graphs is upper 
embeddable. 
The final part of this section is devoted to lexicographic bundles. Since the lexicographic 
product B[F] is not commutative, we have two kinds of such bundles. For each edge e of 
the base graph the restriction of the bundle to e is isomorphic either to the product F[K2 ] 
or to the product K 2 [F]. In the former case we obtain a strong F-bundle, and in the latter 
case we get only the usual lexicographic product. The next theorem shows that lexicographic 
products are upper embeddable even under slightly more general conditions than in [6]. 
THEOREM 5.3. Let B and F be loopless graphs. If B is connected and F -:f. K1, then the 
lexicographic product X = B[F] is upper embeddable. Moreover, if either B contains a cycle 
or F -:f. 2K1 then X has a spanning tree with a connected cotree. 
PRooF. Without loss of generality we may suppose tht V(F) = {1, 2, ... , n }. LetS 
be an arbitrary spanning tree of B. Take all the copies S x i ofSin X, i E V(F), and denote 
their union by U. To complete the subgraph U of X to the required spanning tree of X we 
distinguish three cases. 
Suppose first that IV(F)I ~ 3. Now choose any edge e = uv of Sand join every two 
'adjacent' copies S x i and S x (i + 1) of S, i = I, 2, ... , n - I by the edge of X 
connecting the vertices (u, i) and (v, i + 1). The resulting subgraph T of X is easily seen 
to be a spanning tree of X with connected cotree. 
The same construction applies also to the case when F = K2 yielding a spanning tree of 
B[K2 ] with a connected cotree. 
Thus, it just remains to prove the theorem for F = 2K1• If B = S then X- E(U) 
consists of two disjoint trees each isomorphic to S. By adding a pendant edge of any of these 
components we obtain a spanning tree ofX whose co tree has one component of an odd size, 
one component of an even size, and one isolated vertex. 
If B -:f. S then X - E(U) is obviously connected and contains a cycle C which contains 
vertices of both S x I and S x 2. Take any edge of C with one endpoint inS x I and 
with the other inS x 2. The resulting graph is a splitting tree of X with a connected cotree. 
The question of upper embeddability of tensor products and tensor bundles seems to 
require a different approach and is not discussed here. 
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